Lecture 14: Reading off a general solution

November 16, 2016 9:32 PM

Mindmap of what we're currently doing:

linear system

augmented matrix

vector equatlon

s

every matrix is

equivalent to a unique
/ matrix in RREF

determine if S has 0, lread off general solutlonj
1, or infinitely many
elements

(1) Copy coefficient and solution vector
(2) and (3) Gaussian Elimination (handout from last lecture)
(4) and (5) Reading off a general solution

11.6 Reading off a general solution

ol 273%|4% _ .
001 0|2 — in REF but not in RREF

) @0 3|0 :
[00®Ol11 — in RREF
N PPN
N="non-pivot": column without a leading 1
ie. a free parameter
P="pivot": column with a leading 1
ie. no choice

Choose free parameters:

X1 =S X, +3t=0 = x,=-3t _S
.X4:t x3:2 $X3:2 :->S:E<3't)|s’t€m§
t

Another example

(%9
0 o)
0100

S t

Here there are two different solutions depending on the value of g:
a) g0 = S={u}=0
b) g=0 = xg+axs+bxt=d
x3+ext=f
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b) g=0 = (x, =5 x,+axs+bxt=d
X4 =1 x3t+ext=f

x, =d—as—bt
x3=f—et

d-as- bt
S: < {'-Set )\S,{(’R
t
Another example

0 0|a X‘:a
{@@ 0 b] =) X_‘:b = Sz E(E)%
c X,=C c

09o(1)

20
Rules \
(1) Row of type "0, ..., 0 | ¥"? U Jenenerate
Yes:S=0 "\MMOB:M:W
No: Continue egponon

(2) Each column of the coefficient matrix has a leading 1?7
Yes: Shas 1 element
No: S has infinitely many elements

(1) and (2) work with matrixes in REF. For (3) onwards, RREF is required:
(3) If S has 1 element, solution is the vector in the augmented column. B \o)po“"owg
-«
.
(4) If S has infinitely many elements, the variables corresponding to columns without

leading 1s become free parameters (generally s and t). The remaining variable can now be
expressed in terms of the free parameters.

Examples
Find a linear system with m=4 equations and n=3 variables that has:

ronk (A) Vomk (A ||o>

0 solutions (inconsistent) 1 o of |
01l of2 L’L
00 1]3 g
00 Oy
1 solution 10 00|
ol o0| 2
00 | 0|3 g 3
000 0Olo
infinitely many solutions
l oof1
ol ofz2 2
00 80 !
00 0|0

Find a homogenous linear system with 4 equations and 3 variables that has:

DN E

0 solutions

1 enluitinn — -
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DNE

0 solutions

1 solution
| 0 of |
o | o] 2
TS
o O Of o
infinitely many solutions
’ ’ | 0 O]o
o ! 0|0
00 0)]O0 2 2
0 0 0| 0
y(mnk(A)gro\nk(Alb)
J
a\w«y;'
Chapter 12
Definition

The rank of a matrix A, denoted by rank(A), is the number of leading 1s (pivots) in any REF
of A.

Theorem
Let [A|b] be an augmented matrix. Then:
a) 0 solutions (inconsistent) <=> rank(A) < rank(A|b)
b) 1 solution <=> rank(A)=rank(A|b)
and rank(A)= # columns of A
¢) infinitely many solutions <=> rank(A)=rank(A|b)

and rank(A) < # columns of A

See textbook for Chapter 13: Applications
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